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Abstract
Background: Nuclei exhibit both single-particle and collective degrees of freedom, with the latter
often subdivided into vibrational and rotational motions. Experimentally identifying the relative
roles of these collective modes is extremely challenging, particularly in the face of possible shape
coexistence.
Purpose: Model-independent, invariant quantities describing the deformation of a nucleus in the
intrinsic frame have long been known but their determination potentially requires a large quantity
of experimental data to achieve convergence. Through comparison with the nuclear shell model,
the question of convergence will be addressed.
Methods: Shell-model calculations performed in the sd- and pf -shell model spaces are used to
determine electric-quadrupole matrix elements for a multitude of low-lying states. Relative contri-
butions to the rotationally invariant quantities from multiple states can therefore be determined.
Results: It is found that on average, the inclusion of four intermediate states results in the leading-
order invariant,
〈
Q2
〉
, converging to within 10% of its true value and the triaxiality term, 〈cos (3δ)〉,
converging to its true value, though some variance remains. Higher-order quantities relating to the
softness of the nuclear shape are found to converge more slowly.
Conclusions: The convergence of quadrupole rotationally invariant sum rules was quantified in
the sd- and pf -shell model spaces and indicates the challenge inherent in a full determination of
nuclear shape. The present study is limited to relatively small valence spaces. Larger spaces, such
as the rare-earth region, potentially offer faster convergence.
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FIG. 1. Electric quadrupole matrix elements contributing to the first three rotationally invariant
quantities for the 0+ ground state.
〈
Q2
〉
,
〈
Q3 cos 3δ
〉
and
〈
Q4
〉
are shown for a simplified level
scheme containing only the first three states of relevant Jpi. Matrix elements for
〈
Q4
〉
are separated
into those which contribute to
〈
Q2
〉
(left, red) and further loops (right, blue). The significant
increase in the number of matrix elements required for
〈
Q4
〉
over those required for
〈
Q2
〉
and〈
Q3 cos 3δ
〉
is clearly apparent. Asymmetric loops, indicated by *, contribute twice to the sum.
I. INTRODUCTION
Atomic nuclei exhibit properties associated with the collective motion of their constituent
nucleons arising from quadrupole deformation. As a phenomenon which necessarily involves
a large number of nucleons, understanding collective behaviour, and therefore the deforma-
tion of the nucleus, presents an exceptional challenge for microscopic nuclear models. In
spite of the well-established collective behaviour of nuclei, the signatures of collective mo-
tion are often complex, with the disentangling of collective rotations and vibrations, and
the motion of single particles within the nucleus proving a longstanding challenge. Key
to understanding collective behavior is identifying relevant experimental observables and
assessing their relation to the phenomenon.
One powerful experimental method utilises quadrupole rotationally invariant sum rules [1,
2], which provide experimental access to the nucleus’s quadrupole deformation in a model-
independent manner and have been widely employed experimentally (see e.g. Refs. [3–10]),
and theoretically (e.g. Refs [11–15]). In this work, shell-model calculations will be used to
assess the convergence of these sum rules. It is noted that the theoretical method presented
here differs from that given in Refs. [11, 12] which avoid the issue of convergence, and
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which address the deformation of the full nuclear matter (protons and neutrons). Here, the
goal is to inform experiment through an investigation of the electric quadrupole sum-rule
convergence and so the standard experimental method is employed. The discussion will be
prefaced with mention of more widely used observables used to characterise deformation.
A. Rotational invariants
A number of experimental signatures have been used to quantify nuclear deformation and
the associated property of collectivity. The energy of the first excited 2+ state in an even-even
nucleus is often used to infer the degree of collectivity, and therefore increased deformation.
From geometric arguments, one can also determine the form of collectivity (vibrational or
rotational) from the ratio of 4+1 and 2
+
1 energies, for example. Beyond excitation energies,
large electric quadrupole transitions strengths (B(E2) values) indicate enhanced quadrupole
collectivity and have been related [16] to the magnitude of quadrupole deformation, defined
by the β2 parameter of the Bohr Hamiltonian
β2 ≈ 4pi
3ZR20
√
B(E2; 0+1 → 2+1 )
e2
. (1)
Spectroscopic quadrupole moments (Qs(J)) can be used to infer the prolate or oblate
nature of the nuclear deformation. Nuclei are not limited to axially symmetric rotational
and vibrational structures, however, and commonly assume triaxial shapes. One can esti-
mate the role of non-axial deformation in a nucleus from the ratio of the experimentally
determined Qs(2
+
1 ) and that expected from an axial rotor, based on the B(E2; 0
+
1 → 2+1 )
value. Assuming axial symmetry,
∣∣Qs(2+1 )∣∣ = 27
√
16pi
5
·B(E2; 0+1 → 2+1 ). (2)
A Qs(2
+
1 ) that is smaller than expected is often indicative of triaxiality, with a maximally
triaxial system (γ = 30◦ in the terminology of the Bohr Hamiltonian) yielding Qs(2+1 ) = 0
in a rigid asymmetric rotor [17], for example, regardless of the B(E2; 2+1 → 0+1 ) value.
While the above signatures can be used to provide a first indication of the nuclear de-
formation, the work of Kumar [1] and Cline [2] provides a model-independent method to
quantify the nuclear shape and its softness. Electromagnetic multipole operators are spher-
ical tensors and zero-coupled products of the operators are therefore rotationally invariant,
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providing a method by which one can relate quantities in the laboratory and intrinsic nuclear
frames. Utilising an intermediate state expansion, these zero-coupled operator products can
take the form of sums of products of E2 matrix elements arranged in loops, as shown in
Fig. 1 in a simplified form.
In this work, the Cline notation will be used, as outlined in Refs. [2, 18]. Charge analogues
of the Bohr β and γ parameters are used and denoted Q and δ, respectively, and the
shorthand notation
Mif = 〈i| |E2| |f〉 (3)
is employed for the reduced matrix elements. Here, for completeness, the invariant defi-
nitions provided in Ref. [18] are reproduced, with the first two invariant quantities:
〈
Q2
〉
=
(−1)2Is√5√
(2Is + 1)
∑
r
MsrMrs
 2 2 0Is Is It
 (4)
and
〈
Q3 cos(3δ)
〉
=
∓
√
35√
5
1
2Is + 1
∑
tu
MsuMutMts
 2 2 2Is It Iu
 . (5)
The leading sign of the latter invariant is negative in the case of Is being integer, and is
positive in the half-integer case. Based on the above one can determine the absolute degrees
of deformation, 〈Q2〉, and triaxiality, (δ). Note that 〈0+1 | |E2| |2+1 〉 typically has the largest
magnitude of those E2 matrix elements connecting to the ground state. This allows one
to investigate parallels to the aforementioned experimental signatures by including only the
0+1 and 2
+
1 states and to define leading-order approximations for the two above invariant
quantities for the 0+1 ground state in an even-even nucleus. With this leading-order (LO)
approximation:
〈
Q2
〉
LO
= B(E2; 0+1 → 2+1 ) (6)
and
4
〈cos(3δ)〉LO = −
Qs(2
+
1 )
2
7
√
16pi
5
·B(E2; 0+1 → 2+1 )
, (7)
where one assumes
〈cos(3δ)〉 = 〈Q
3 cos(3δ)〉
〈Q2〉3/2
. (8)
The standard parameterisation of the β2 deformation parameter given in Eq. 1 can
be clearly identified as relating to the approximate 〈Q2〉 definition given in Eq. 6. Note
that these approximate solutions correspond to the leftmost E2 “loops” in the 〈Q2〉 and
〈Q3 cos (3δ)〉 panels of Fig. 1.
Higher-order invariant quantities can also be constructed, but require different J-
couplings. Here for brevity, only the J = 0 couplings will be provided. Other couplings are
given in Ref. [18]. A 〈Q4〉 quantity can be defined and related to the fourth product:
〈
Q4(J = 0)
〉
=
5
√
2J + 1
2Is + 1
∑
rtu
MstMtrMruMus  2 2 JIs Ir It

 2 2 JIs Ir Iu
 (−1)Is−Ir . (9)
Using 〈Q4〉 and 〈Q2〉 and relating the root-mean-square of 〈Q2〉 one can define the width
(softness) of the 〈Q2〉 quantity:
σ
(
Q2
)
=
√
〈Q4〉 − 〈Q2〉2. (10)
The matrix elements contributing to the (J = 0) coupled 〈Q4〉 value in a simplified level
scheme are shown in the right-hand panel of Fig. 1, demonstrating the increased requirement
for matrix elements. One can also define higher-order invariant quantities [19], with 〈Q6〉
and 〈Q6 cos2 3δ〉 defined by:
〈
P 60 (J)
〉
=
∑
rtvwu
Ir=Iw
1
2Ir + 1
MstMtwMwuMurMrvMvs
 2 2 JIs Iw It

 2 2 JIs Ir Iv
 (−1)Is−Iu (11)
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FIG. 2. Deformation mapped in
(
Q2, δ
)
space for sd- and pf -shell nuclei as calculated in the present
work using nominal effective charges. See text for details. Insets: the convergence as a function
of the number of shell-model states included in the determination of: (a)
〈
Q2
〉
, (b) 〈cos (3δ)〉, (c)
σ
(
Q2
)
/
〈
Q2
〉
and (d) σ (cos (3δ)). See Eqs. (17) to (20).
with
〈
Q6(J = 0)
〉
=
5
2Is + 1
〈
P 60 (0)
〉
. (12)
One finally constructs 〈P 61 (J)〉 and 〈P 62 (J)〉 which will be related to 〈Q6 cos2 3δ〉:
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〈
P 61 (J)
〉
=
5
√
2J + 1
2Is + 1
∑
rutvw
MsuMutMtrMrvMvwMws 2 2 JIs Ir It

 2 2 2Is It Iu
 2 2 JIs Ir Iw

 2 2 2Iw Ir Iv
 (−1)2Is+It+Iw (13)
and
〈
P 62 (J)
〉
=
5
√
2J + 1
2Is + 1
∑
rutvw
MsuMutMtrMrvMvwMws 2 2 JIs Ir It

 2 2 2Is It Iu
 2 2 JIs Ir Iv

 2 2 2Is Iv Iw
 (−1)Is+Ir+It+Iw . (14)
From the above quantities one can then determine:
〈
Q6 cos2 3δ(J = 0)
〉
=
35
2
〈
P 61 (0)
〉
=
35
2
〈
P 62 (0)
〉
. (15)
The final physical quantity constructed here is the width of the cos 3δ invariant:
σ(cos 3δ) =
√√√√〈Q6 cos2 3δ〉
〈Q6〉 −
(
〈Q3 cos 3δ〉
〈Q2〉3/2
)2
. (16)
From the above relations, one can therefore determine the absolute degree of quadrupole
deformation 〈Q2〉 (Eq. 4) and its softness σ (Q2) (Eq. 10), and the degree of triaxiality
〈Q3 cos 3δ〉 (Eq. 5) and its softness σ (cos 3δ), (Eq. 16). Importantly, these invariant quan-
tities rely only on the spherical tensor nature of the electromagnetic quadrupole operator.
Absent any truncation or evolution of the E2 operator, one can construct the above in-
variant quantities from modeled E2 matrix elements, as well as experimentally determined
values, allowing for like-for-like comparisons. Clearly, the higher-order quantities described
in Equations 11, 13 and 14 require comprehensive sets of matrix elements. This work
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nJ ∆
〈
Q2
〉
[%] ∆
(
σ
(
Q2
))
[%] ∆ 〈cos (3δ)〉 ∆ (σ (cos (3δ)))
1 −21.2±12.69.2 Undefined 0.26±0.420.37 Undefined
2 −14.9±11.55.5 −52.4±19.724.7 0.06±0.420.24 −0.27±0.150.22
3 −11.5±8.44.2 −35.5±14.520.4 0.02±0.240.13 −0.16±0.110.16
4 −9.4±6.93.4 −23.1±10.014.6 0.00±0.230.11 −0.13±0.080.14
5 −6.9±5.41.5 −16.2±9.012.0 −0.02±0.110.09 −0.13±0.080.14
10 −3.0±1.21.0 −8.3±4.76.0 −0.01±0.030.03 −0.06±0.040.07
15 −1.7±1.20.6 −4.9±2.54.7 −0.01±0.020.01 −0.03±0.020.03
20 −0.9±0.50.4 −1.8±1.62.7 0.00±0.010.01 −0.02±0.010.02
TABLE I. Deviation from converged values for
〈
Q2
〉
, σ
(
Q2
)
, 〈cos (3δ)〉 and σ (cos (3δ)) using
nominal effective charges as defined in Eqs. (17) to (20) for select values of nJ.
will take advantage of the model-independence of the determined quantities, along with
shell-model calculations in the sd- and pf -shell model spaces to address the question of
convergence: how many experimentally (or theoretically) determined E2 matrix elements
are required in order to converge on a solution?
II. METHOD
Shell-model calculations were performed with NuShellX@MSU [20]. Calculations in
the sd-shell were performed with the USDB interaction [21] and with effective charges of
epi = 1.36 and eν = 0.45. In the f7/2 shell, the full pf -model space was used with the KB3G
interaction [22] with effective charges of epi = 1.5 and eν = 0.5. E2 matrix elements deter-
mined from the shell-model calculations were then used to calculate the invariant quantities
given above. In order to provide a qualitative picture of the results they are presented in a
(Q2, δ) space, using Eq. 8 to determine 〈cos (3δ)〉 and thus 〈δ〉. The softness values σ (Q2)
and σ (cos (δ)) are treated as standard deviation values within a normal distribution with no
asymmetries included. The results can therefore be considered as an approximate probabil-
ity distribution in (Q2, δ) space, though it is noted that the behaviour of any component of
the distribution beyond the limits of 0◦ ≤ δ ≤ 60◦ is undefined. The calculated ground-state
8
FIG. 3. The same convergence shown in the insets of Fig. 2 but with the line colour indicating the
converged |〈cos (3δ)〉| value.
behaviour of all calculated nuclei is shown in Fig. 2 using all calculated states.
In total, 34 nuclei were calculated which were then used to investigate the convergence
of the invariant quantities. As shown in panels (a), (b), (c) and (d) of Fig. 2, the number of
states of each spin included in the determination (nJ) was progressively increased and the
difference with the nJ=40 values determined, at which point the convergence is assumed to
be complete. The convergence was then plotted as follows:
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FIG. 4. The same convergence shown in the insets of Fig. 2 but with the line colour indicating the
converged softness of Q2:
σ(Q2)
Q2
.
∆
〈
Q2
〉
=
〈
Q2
〉
nJ
/
〈
Q2
〉
40
[%] (17)
∆ 〈cos (3δ)〉 = 〈cos (3δ)〉nJ − 〈cos (3δ)〉40 (18)
∆
(
σ
(
Q2
))
= σ
(
Q2
)
nJ
/σ
〈
Q2
〉
40
[%] (19)
∆ (σ (cos (3δ))) = σ (cos (3δ))nJ − σ (cos (3δ))40 (20)
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FIG. 5. The same convergence shown in the insets of Fig. 2 but with the line colour indicating the
converged softness of cos (3δ): σ (cos (3δ)).
The assumption of complete convergence by nJ=40 is justified by the convergence be-
haviour of the data (< 1% changes with increasing nJ at nJ=40). In addition, where the
same nuclei were calculated as in Ref. [11] good agreement was found with the nJ=40 values.
Also shown in Fig. 2 is that the convergence has no clear dependence on the mass of the
nuclei within the model spaces. Qualitatively, one can see that 〈Q2〉 and 〈cos (3δ)〉 converge
rather quickly while the higher-order invariants corresponding to the softness parameters
11
FIG. 6. Deformation mapped in
(
Q2, δ
)
space for sd- and pf -shell nuclei as calculated in the
present work using bare nucleon charges (i.e. epi = 1 and eν = 0). Insets: the convergence as
a function of the number of shell-model states included in the determination of: (a)
〈
Q2
〉
, (b)
〈cos (3δ)〉, (c) σ (Q2) / 〈Q2〉 and (d) σ (cos (3δ)). See Eqs. (17) to (20).
appear slower to converge and have more scatter.
One can also treat the data shown in Fig. 2 as a statistical sample and determine, as a
function of nJ, the mean deviation from the converged values, as well as the variances of the
sample. It is found, for example, that the approximate determination of 〈Q2〉 in Equation 6
is on average deficient from the true value by approximately 20%, with a standard-deviation
of approximately 10%. Mean deviations and the associated standard deviations on those
values for a selection of nJ values are given in Table I. Note that the Q4 and Q6 invariant
12
nJ ∆
〈
Q2
〉
[%] ∆
(
σ
(
Q2
))
[%] ∆ 〈cos (3δ)〉 ∆ (σ (cos (3δ)))
1 −34.2±21.111.8 Undefined 0.26±0.480.41 Undefined
2 −23.8±14.37.5 −62.1±19.722.9 0.1±0.560.35 −0.28±0.170.22
3 −18.3±8.86.3 −43.5±14.422.9 0.04±0.350.21 −0.21±0.140.19
4 −15.6±7.85.4 −30.6±11.613.3 0.01±0.370.19 −0.16±0.130.19
5 −12.2±6.43.6 −24.3±11.612.1 −0.01±0.240.14 −0.15±0.090.17
10 −5.3±3.51.9 −12.8±6.110.6 −0.01±0.090.04 −0.07±0.050.10
15 −3.4±4.01.4 −7.6±4.05.5 0.00±0.070.02 −0.05±0.040.06
20 −1.6±1.20.8 −4.4±2.54.1 −0.01±0.010.02 −0.04±0.030.05
TABLE II. Deviation from converged values for
〈
Q2
〉
, σ
(
Q2
)
, 〈cos (3δ)〉 and σ (cos (3δ)) using bare
nucleon charges (i.e. epi = 1 and eν = 0) as defined in Eqs. (17) to (20) for select values of nJ.
quantities are undefined for nJ=1.
The convergence can also be visualised in terms of the shape parameters themselves.
Figures 3, 4 and 5 reproduce the convergence of the data shown in Fig. 2, but with the colours
now representing the converged |〈cos (3δ)〉|, σ(Q
2)
Q2
and σ (cos (3δ)) values. Qualitatively, the
nuclei that converge slowly tend to be closer to maximal triaxiality and softer than the faster
converging cases, but there are insufficient cases to provide a quantitative assessment.
III. DISCUSSION
The underlying assumption of the present work is that the ensemble of nuclei created by
the shell-model calculations represents a realistic sample of true atomic nuclei. Importantly it
is not essential that the individual nuclei are perfectly reproduced, only that the distribution
of nuclei are represented. The role of effective charges, set to nominal values in the above
calculations, was investigated. It was found that not including effective charges (i.e. epi = 1
and eν = 0) slows the convergence. A summary of the convergence for bare nucleon charges
is shown in Fig. 6 and Table II.
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A. Deformation systematics
From the present work it is possible to investigate some systematic behaviours of defor-
mation using the ensemble of shell-model data. First, one can redefine Eq. 1 as
β2,Inv =
4pi
3ZR20
√
〈Q2〉
e2
, (21)
with
σ (β2,Inv) =
1
2
σ (Q2)
〈Q2〉 β2,Inv (22)
which allows for comparisons between nuclei of different masses and proton numbers.
Furthermore, the parameters are calculated for the first three excited 0+ states in each
nucleus, for which sufficient states of higher energy have been calculated to be confident of
good convergence. Figure 7 shows β2,Inv and its softness for the thirty-four nuclear ground-
states and the 102 excited 0+ states calculated in this work. A consistent evolution is
found for all nuclei with σ (β2,Inv), increasing with increasing with β2,Inv before reaching a
plateau. There is some hint of a reduction in σ (β2,Inv) softness occurring beyond β2,Inv ≈ 0.6,
however the present data are too limited to draw firm conclusions. Final (nJ = 40) cos (3δ),
σ (cos (3δ)) and σ (Q2) / 〈Q2〉 values are shown in Fig. 8. Notably, the relative softness of
〈Q2〉 is rather well-localised at about 40% of the 〈Q2〉 value.
An interesting feature that emerges from the present work is the apparent decoupling of
the proton and neutron shapes in the nuclear shell-model. The USDB and KB3G interactions
are isospin symmetric, meaning that protons (neutrons) in a given system behave identically
to neutrons (protons) in their mirror. In Fig. 6, where the bare nucleon charges are used,
the deformations of systems reflected about N=Z might be expected to be very similar, but
show clear differences due to their differing microscopic proton and neutron compositions.
The extreme example of this is in the 28Ar and 28Ne mirror pair, where the two nuclei exhibit
near-maximal oblate and prolate deformation, respectively, with negligible overlap. Other,
less extreme examples can be found in the cases of 24Si and 24Ne, and 30Ar and 30Mg.
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B. Shape mixing
The mixing of different nuclear configurations does influence the E2 strength distribution.
From a simple perspective, if two bands are mixed then both of the perturbed configura-
tions must be included in order to properly sample the E2 strength and the number of
states required to achieve convergence must therefore increase. More generally, it is im-
portant to note that the rotational invariants sample only the perturbed (mixed) nuclear
configurations. This has an important bearing on determining, for example, δ softness. If
two configurations of similar 〈Q2〉 but rather different δ are mixed, the extracted quadrupole
invariants presented here will be indistinguishable from a single, δ-soft structure. Higher-
order invariant quantities sampling the third statistical moment (the skew) might provide
further insight in this regard but are likely impractical from an experimental perspective,
requiring a prohibitive quantity of experimental data.
C. β2 determination
Equation 1 is commonly used to relate measured B(E2) values to the Bohr β2 parameter.
As discussed, this relates directly to the leading-order term for 〈Q2〉. The analysis presented
here demonstrates that the 〈Q2〉 value determined from just the inclusion of the 2+1 → 0+1
transitions results in approximately 79% of the final strength. Thus from the analysis
presented here β2 values determined solely from B(E2; 0
+
1 → 2+1 ) values will be similarly
deficient by 11±76 %.
D. Larger valence spaces
The present study was necessarily limited to the fairly modest valence spaces of the sd-
and fp-shells. Empirically, it is known that nuclei within larger valence spaces, such as the
vast space occupied by rare-Earth nuclei, exhibit properties consistent with those expected
of a rigid rotor. A consequence of this behaviour is the suppression of the σ(δ) parameter,
as well perhaps as the σ(Q2) value. Generally, this might be expected to result in a reduced
fragmentation of the E2 strength which might lead to a faster convergence of the invariant
sum-rules. Notably, in his original work, Kumar [1] investigated convergence using the
available experimental data in 152Sm (the first three 2+ states) and determined they were
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sufficient for a “reasonably good convergence” of the two leading-order invariant quantities
- in approximate agreement with the conclusions of the present work.
E. Future prospects
The use of the nuclear shell model for the present work has many advantages. The
nuclear structures created in the sd- and lower pf -shell model spaces are well reproduced
experimentally at low energies and the calculations begin with no assumptions about the
nuclear shape which might otherwise bias the results. A similar analysis using different
theoretical methods would be invaluable however, in particular to provide a more global
picture: realistically the present analysis is limited to nuclei with A . 70. Experimentally,
identifying cases in which comprehensive experimental data can be collected for the first
five 2+ states, for example, would provide some confirmation of the convergent behaviour
demonstrated here. Such experimental measurements might reasonably be achieved in the
heavier mass regions with state-of-the-art experimental equipment and high-intensity stable
beams, such as employed in Ref. [3, 5].
IV. CONCLUSIONS
The nuclear shell model has been employed in the sd- and pf -shell model spaces to
investigate the convergence of the quadrupole sum-rules [1, 2]. Large numbers of nuclear
states were calculated, allowing for progressively more comprehensive sets of E2 matrix
elements to be used in the sum-rule determination. Treating the 34 nuclei as a statistical
sample, mean convergence properties were deduced, along with standard deviations. While
sensitivity requirements will vary on a case by case basis, it is found that the mean values,
〈Q2〉 and 〈cos 3δ〉 converge rapidly. On average, by nJ=4, 〈Q2〉 has converged to better than
10% of its true value, while 〈cos 3δ〉 has converged to approximately its true value. While this
average convergence holds, there remains some significant scatter about the average values.
Higher-order invariant quantities relating to the softness of these values require more data,
with nJ=5 arguably required to draw any strong conclusions with regards to softness. These
results have significant importance for the determination of β and γ softness in nuclei, in
particular with regards to the search for truly rigid structures, where a well-converged Q
16
and δ softness is required.
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FIG. 7. Softness in β2,Inv from the ensemble of shell-model data, presented both relative to the
β2,Inv value (top) and in absolute terms (bottom) and plotted against the deformation parameter
β2,Inv, as defined in Eq. 21. The degree of central triaxiality of each nuclear point is indicated by
the colour of the point. Calculated parameters are shown for both ground and excited 0+ states.
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FIG. 8. Invariant quantities 〈cos (3δ)〉, σ (cos (3δ)) and σ (Q2) / 〈Q2〉 for the full (nJ = 40) calcu-
lations for the ground (filled) and excited 0+ states.
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